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1. Introduction 
J. Mirrlees [7] and J. Stiglitz [19] have extended the dynamic non-
substitution theorem of M. Morishima [8], allowing for a special kind of 
joint production, that is, proper output and older capital goods which are 
qualitatively different from brand new ones. J. Mirrlees tried to give some 
practical relevance to the theorem and argued: "The non-substitution the-
orems assert that, under various conditions, only one vector of relative prices 
is possible for the economy. This implies, for example, that it is unnecessary 
to have any information about consumer demand in order to calculate equi-
librium prices for a competitive economy. In the dynamic case, such a 
result can simplify the analysis of balanced optimal growth." 
In this paper, we present a brief history of the theorems in Section 2 
and in Section 3 intuitive explanations are given for the results obtained so 
far. Section 4 is devoted to examining the existence of equilibrium price 
set. Section 5 contains an example which reveals a difficulty brought about 
by non-transferability of capital goods, that is, the fact the factor-price 
frontier generally depends on growth rate. 
(!) 
2. Brief History 
Static non-substitution theorems were first presented by N. Georgescu-
(1) A prehistoric story is given in P. Samuelson [15]. 
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Roegan [4] and P. Samuelson [14] independently. They were intended to 
show the constancy of production coefficients in Leontief models, even if 
substitution is physically possible. In the case of an economy with a 
spectrum of techniques, a general proof was given by K. Arrow [1], the 
method of which was suggested by T. Koopmans [5]. 
M. Morishima [8] showed a dynamic non-substitution theorem, ie. 
allowing for balanced growth, first for a Leontief system with neo-classical 
production functions, using the minimal cost functions extensivly. In [9], 
he proved the theorem also for an economy with a spectrum of techniques, 
demonstrating at the same time the stability of equilibrium price set under 
R. Solow's dynamic price equation in [18]. P. Samuelson wrote on the 
same kind of theorem in [15], which is the prelude to the much debated 
paper [16]. D. Levhari [6] proved the theorem under an unnecessarily 
restrictive assumpti~n ・ ofindecomposability and tried to present a non-swit-
ching theorem, which is actually wrong (see [11], [12] and [17]). Recent 
contributions by S. Bose [2] and D. Cass [3] utilize duality in optimization 
problems and basically similar to Arrow [1]. 
M. Morishima and Y. Murata [13] dealt with the case of non-transferable 
capital goods・ and showed that though the equilibrium price set is unique 
under some conditions, the optimal output equation is different from the 
traditional Leontief one. J. Mirrlees [7] extended the theorem allowing 
for a special kind of joint production, that is, regarding one year older capital 
goods which are left after one year's production processes as joint-products. 
J. Stiglitz [19] neatly sorted out the results, combining four papers [8], [9], 
[13] and [7]. He also gave a general proof for the case of non-transferable 
capital goods. 
Below is J. Stiglitz's summary. He wrote in [19]: "If the equilibrium 
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relative prices are independent of the rate of growth, then we shall say that 
a non-substitution theorem of type A holds; if they depend on the rate of 
growth of labour, n, we shall say that one of type B obtains; if they depend 
on 入， the rate of embodied labour augmc・ぃtingtechnical progress, as well as 
n, we shall say that one of type C obtai11s." 
(2) 
His summary is as follows : 
In the steady balanced growth of a competitive economy where the following 
four assumptions are satisfied 
Al. constant returns to scale (divisibility and additivity of processes) 
prevails, 
A2. labour is a sole primary factor, 
A3. there is no proper joint production, and 
A4. every process uses labour directly or indirectly, 
we can say that 
(1) if al inputs are current inputs, then one of type A obtains, 
(2) if there is a quantitative depreciation list for each capital good irres-
(:i) 
pective of industries, then type A obtains, 
(3) if capital goods are non-transferable and there is a quantitative dep-
reciation list for each capital good for each industry, then type A 
obtains, 
(2) I omit those of type C, because in general, technical progress is quite irrelevant 
to this kind of theorem. There is no good reason why we should have embodied 
labour augmenting one, and to suppose a uniform Jc may be more unrealistic 
than a uniform n. 
(3) By this, it is meant that it is possible to convert older capital goods to brand 
new ones in terms of efficiency unit. In the depreciation list, we have efficiency-
conversion rates. 
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(4) 
(4) if a'capital subaggregate function'can be formed for each capital good 
irrespective of industries, then type B obtains, and 
(5) if capital goods are non-transferable, then type B obtains. 
3. Intuitive Explanation through Homogeneity Approach 
Now let us proceed to give intuitive explanations for the results listed 
above. 
In a competitive economy, if prices are given together with the rate of 
interest, costs are determined by choosing one of the techniques available 
which makes them minimum. And in steady balanced growth, prices of 
goods are equal to their respective costs (cf. [10], p. 57, 60). Suppose now 
that cost functions can be expressed by prices only, with the interest rate 
as a parameter. Then we can show that if cost functions satisfy the follow-
ing two conditions: 
Cl: cost functions are homogeneous of degree one in prices including 
the money wage rate, and 
C2: cost functions are non-decreasing with respect to each price and 
increasing functions of the money wage rate, 
then there exists at most one set of equilibrium relative prices. Additionally, 
al prices are positive with the given positive money wage rate. I extend 
the proof of M. Morishima [10, p. 62] to our cases. 
There are n goods whose prices are denoted P;, i = 1,…， n, respectively. 
(4) The capital subaggregate function is a function H8(Ks1,--・, Kst) (where Kst is 
the amount of capital good of type s at age t), which is homogeneous of degree 
one in its arguments, such that production of the j-th commodity may be described 
by a function of the form Fj(H(．），…， H(.）， x,…,か,L)whereぶ，…，か
are inputs of intermediate commodities and L is labour. 
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P; Let z;=----, Pn+i being the positive money wage rate. Write the cost 
Pn+I 
function of the i-th commodity as Ci(P1,"・, Pn, Pが 1),where the rate of 
interest, r, is fixed as a parameter and thus omitted. In equilibrium, 
(1)『・1:9…,p”, p”+1)， 
Pn=Cn(p1,…,Pn, Pn+1). 
By homogeneity, we have 
Z1=C1(%•••，知 1),
(2)｛・
z,.=C”（石..,Zn, 1). 
硲 sare positive by C2. ・ Ifth ere are two distinct equilibrium relative price 
zi . Zi sets, z; and z/ (i = 1,…,n), we can find max~'-and min~. Take the 
対％＇’｀ ‘
i z・ i z. 
case where max~=~and Zh 
I Zi % Zh 
>1. Then bv h y omogeneity and from 
equations (2), we get 
l=Ch（互，…，五，土）andz,... z,.. z,. 
1=0(-f. 1 □., ~~. ¾,). 
Si 
1 1 Zi z・ 
lnce >，，＞ 'h  
zh -z,.''z,. = zh 
―--―戸 wehave a contradiction. We can prove simi-
咋＜ . Z・咋larly the case where-?--;S) by using min-し=--． Thus we have shown 
Zh Z• Zh 
that given the conditions Cl and C2 above, there exists at most one set of 
(5) 
equilibrium relative prices. 
Now suppose that our economy satisfies the assumptions Al-A4 listed 
above, and let us examine five non-substitution theorems. 
Firstly, when al inputs are current ones, it is clear that cost functions 
satisfy the two conditions Cl and C2 (by A4, it is insured that in equilibrium 
(5) Stiglitz [19] raises three conditions for the existence of at most one relative 
price set. They are: Cl': Ci's are non-decreasing functions in al other prices; 
C2': Ci is a concave function of its domain; C3': Ci(O)>O for al i. He takes 
labour as the numeraire; hence Ci's are not homogeneous in wag←prices. 
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we can transform cost functions in equations (1) into those which are 
increasing in the money wage). 
When we have the quantitative depreciation list for each capital good 
irrespective of industries, it can be said that under balanced growth there 
actually occurs no transfer of older capital goods among industries. Therefore, 
case (2) in Section 2 can be regarded as a special case of (3). In that 
third case, even if different depreciation lists are given to each industry, 
rentals on various vintages of capital goods are determined in each industry 
independently of the rate of growth because of non-transferability, once 
prices are given. Here we implicitly assumed that older capital goods are 
transferable within each industry. Thus cost functions satisfy CI and C2. 
In the proof of case (4), J. Stiglitz implicitly assumes that his survial 
coefficients are fixed independently of industries. Then it can be shown 
again that no transfer of older capital goods actually occurs and case (4) 
becomes a special case of (5). So let us check case (5). Non-transferability 
means that even if one year older capital goods are regarded as by-products, 
each industry cannot sel them in a market (they have no second-hand 
prices, see [14]), and so they must be disposed of in each industry by being 
used further. Then, cost functions will satisfy the conditions CI and C2 
because rentals on various vintages of capital goods are non-decreasing func-
tions of prices, which functions are moreover homogeneous of degree one. 
But note that rentals may depend on the rate of growth as well as the rate 
of interest. Rentals on various vintages of capital goods can be quite irregular 
depending on the rate of growth so as to minimize cost, either because there 
is no quantitative depreciation list or because capital goods are non-transferable 
after installation (see the example given in Section 5). 
Of course, as is shown in [13], non-transferability causes trouble in 
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approaching a steady state. The preceding results could be meaningless unless 
our economy can approach steady balanced growth in a fairly short period. 
This may sound a bit inconsistent with non-transferability. 
4. Existence of Equilibrium Relative Prices 
In the rest of this paper, we assume that the rate of interest is exo-
genously given first and we take labour as the numeraire. Let P be the 
price vector (P1, P2,…,Pn) and C(P, r) the cost functions vector (C1, 
C年・・， Cn)with the interest rate, r. 
Stiglitz [19] is not concerned with proving the existence of equilibrium 
prices. If we are to concern ourselves with the existence problem, we have 
to adopt ・ ASSUMPTION 3 of [10, p. 59] and it requires a more detailed 
argument to determine the range of the interest rate within which the 
existence of meaningful equilibrium prices is guaranteed, as was done by 
M. Morishima in [8] and [10]. It is evident that assumptions Cl', C2'and 
C3'of Stiglitz are not sufficient for existence. 
Now we adopt C4'which is equivalent to ASSUMPTION 3 of [10]. 
C4': There is a P such that P>C(P, O). 
This assumption says that when r=O, there is a price set at which every 
industry enjoys positive profits. Then we can find an r such thatだ＞O
and if r~r, there is a P which satisfies ~C(P, r). 
A proof of existence can be given in the same way as in [10]. Take 
any r~r and write P'a price vector which satisfies P'~C(P', r). Put the 
direct product space S = [O, P□x[O, P2'Jx…X [O, Pn'J which is non-empty, 
compact and convex. Then, since mapping C(P, r) is from S into S and 
continuous (because of convexity), Brouwer's fixed-point theorem insures 
that there is at least one Pin S such that P=C(P, r). 
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(6) 
Let us now suppose that our economy satisfies Cl'—C4'. Putting the 
real wage rate as 
1 
w =-
P1a叶…＋P訊 n,
where the a/s are quantities of goods 1, 2,…,n which enable a worker to 
maintain a given subsistence level, we Jind a one-to-one correspondence 
between r and w(for 0~だ;;;r), if a long-run equilibrium price set prevails. 
For given r, the unique equilibrium price vector P* can be obtained, which 
in turn determines a unique w. And it is reasonable (and true for al 
(7) 
models discussed so far) to assume that if r'>r, then C(P, r')>C(P, r). 
Thus, the real wage rate is a decreasing function of the rate of interest. 
That is, the factor-price frontier is downward sloping. After obtaining this 
frontier, we have a definite upper limit, r, to the rate of interest, which 
corresponds to the unit real wage (genuine subsistence level). In an under-
developed country, there may be no positive r and either people suffer from 
malnutrition or external aids have to be given to some industries. 
5. Non-transferability and Growth-dependent Factor-price Frontier 
An interesting implication of Stiglitz's finding is that the factor-price 
frontier depends on the rate of growth generally. Consider the following 
example. There is an economy where we have only one capital good, which 
has two years physical life and is non-transferable after installation and 
which is produced by labour alone (there is only one kind of homogeneous 
labour). This economy has only one consumption good, which is produced 
(6) Note that in Cl'Stiglitz assumes the Ci's to be non-decreasing functions in 
al other prices. Given C2'and C3', however, the phrase'all other'is unnecessary. 
(7) Assume that wages are paid at the beginning of each production period. See 
models in [8], [9], [10] and [19]. 
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by the capital good only. We make the usual assumptions of competitiveness 
and constant returns to scale. The production functions of this economy are: 
Y=F(K。,K1)=K。/2+K1/4,
where Y is the output of the consumption good, K。isthe amount of brand 
new capital good and K1 the.one year old capital good; 
O=G(L)=L, 
where O is the output of the capital good, L labour force. The production 
period is one year in both industries. Suppose that the economy now enjoys 
steady balanced growth and so does each firm, the growth rate being g. 
Then at a given time the output of the consumption good is 
Y = (1 +g)KJ2+K1/ 4. 
Writing q。andq I for the rentals on K。andKI respectively, the unit cost 
of the consumption good, p, is written as follows: 
P=(l+r){q。(1+g)K1 +q,K1 }/Y = (1 +r){q。(l+g)
+qt}/{ (1 +g)/2+ 1/4}. 
The problem of minimizing cost is therefore formulated as: 
minimize p subject to 
(l+r)=q。十q1/Cl+r).
(5.1) 
(5.2) 
(5.2) states that the discounted sum of rentals on the unit of capital should 
be equal to the price of the capital good (note the money wage is set at 
1). Since the real wage is 1/P, we can draw the factor-price frontier by 
solving the preceding problem. We have 
when r:2:g, w={(l+g)/2+1/4}/{(l+r)2(l+g)} and q。=（l+r),q, =0 
and 
when r<g, w={(l+g)/2+1/4}/(l十が andq。=0,q1=(l+r)汽
If the capital good is transferable, there can be only one year contract for 
renting the capital good and rentals are proportional to the efficiency of the 
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capital good (here equal to the marginal product), thus making the real 
wage, w = { (1 + r) /2 + 1/ 4} / (1 + r) 3. This coincides with the non-transferable 
case where r=g is satisfied. 
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